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Abstract
For a dynamical system MS
t
N on a metric space X, we examine the question whether the topological
properties of X are inherited by the global attractor A (if it exists). When MS
t
N is jointly continuous, we prove
that the C[ ech}Alexander}Spanier cohomology groups of A are isomorphic to the corresponding cohomol-
ogy groups of X. The same conclusion is obtained in the case where MS
t
N is a group and A has a bounded
neighborhood which is a deformation retract of X. ( 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Dynamical systems (or semigroups) are a fundamental tool in the description and in the study of
many important problems of natural sciences.
In Banach spaces, continuous semigroups arise in a natural way e.g. from the Cauchy problem
for the autonomous di!erential equation u@(t)"f (u(t)), provided that, for all initial data u (0)"u
0
,
there exists a unique global solution for all positive times, which depends continuously on u
0
.
In metric spaces discrete semigroups arise simply by considering the successive powers of any
continuous map f :XPX, i.e. by setting S
n
(x) :"f n(x). In this case ‘f generates S
n
a. In many
applications, discrete semigroups are used as numerical approximations of continuous ones: note
that digital computers always consider discrete dynamical systems, even when solving di!erential
equations.
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One of the most fascinating problems of the theory of semigroups is the so-called asymptotical
dynamic, i.e. the long-term behaviour of the system (tP#R). Some aspects of the asymptotic
#ow can be explained by the existence of the global attractor, to which trajectories of bounded sets
converge as tP#R.
Mathematical literature provides results of existence of the global attractor for large classes of
dynamical systems [4,6,13], but it is in general very hard to describe the structure of this attractor,
which may sometimes be a strange fractal. Great interest has been devoted to measure theoretic
properties of the global attractor: for example in [2,6,13] estimates of its fractal and Hausdor!
dimension are provided for dynamical systems arising from certain classes of partial di!erential
equations.
In this paper, which is intended as a continuation of [3], we deal with topological properties of
the global attractor. In particular, we examine the question whether the topological invariants of
X are inherited by the global attractor or not.
Trivial examples show that in the general case the answer is negative (cf. Example 9.1). So we
must restrict our attention to two particular classes of semigroups:
f jointly continuous semigroups;
f groups.
C[ ech}Alexander}Spanier cohomology theory, due to its tautness and continuity properties, is the
fundamental tool of our analysis. From now on, we denote by H[ q(X,G) the q-dimensional
C[ ech}Alexander}Spanier cohomology group of X with coe$cients in G (see Section 3 for more
details).
For jointly continuous semigroups we establish that:
(1) if there exists the global attractor A, then the restriction homomorphism iH
A
: H[ q (X,G)P
H[ q (A,G) is an isomorphism for all q*0 and all coe$cient groups G (Theorem 6.3).
If the semigroup MS
t
N is not jointly continuous, then iH
A
may fail to be injective and/or surjective,
even if MS
t
N is a group (cf. Examples 9.3 and 9.4).
However, if MS
t
N is a group (and there exists the global attractor A), then we establish that:
(2) if A has a bounded neigborhood which is a retract of X, then the restriction homomorphism
iH
A
: H[ q (X, G)PH[ q (A,G) is surjective (Theorem 7.3), but not necessarily injective (Example 9.3);
(3) if A has a bounded neigborhood which is a deformation retract of X, then the restriction
homomorphism iH
A
: H[ q(X, G)PH[ q (A,G) is an isomorphism (Theorem 7.4).
Finally, we point out that our results about C[ ech}Alexander}Spanier cohomology groups of
global attractors cannot be extended to singular cohomology groups (cf. Example 9.2).
This paper is organized as follows: in Section 2 we provide basic notations and de"nitions from
the theory of semigroups; in Section 3 we recall the main properties of C[ ech}Alexander}Spanier
cohomology groups; in Section 4 we prove a topological lemma; in Section 5 we establish some
relations between the cohomology of a subset B-X and the cohomology of its u-limit u(B); in
Section 6 we prove our assertion (1) for jointly continuous semigroups; in Section 7 we prove (2)
and (3) for groups of continuous operators; in Section 8 we present some examples where the results
of Sections 6 and 7 can be applied; in Section 9 we collect all the counterexamples quoted in this
introduction and in the following sections.
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2. Preliminaries
In this section we give notations and we recall basic de"nitions from the theory of semigroups of
continuous operators. Throughout this paper, unless otherwise stated, X will denote a generic (not
necessarily complete) metric space, sometimes called phase space, with distance function d. For any
A-X, we denote by AM the closure of A in X, and for any e’0 we denote by Ae the open
e-neighborhood of A in X, i.e.
Ae :"Gx3X: inf
a|A
d(x, a)(eH.
We denote by N, Z, R, R
w0
, C, respectively, the set of nonnegative integers, integers, real numbers,
nonnegative real numbers, complex numbers.
In order to give a uni"ed treatment of continuous and discrete semigroups, we give here a rather
general de"nition of semigroup, very similar to the de"nition given in [5,6] (cf. [3]).
De5nition 2.1. A subset P-R is said to be a parameter space if:
f there exists a’0 such that M0, aN-P ;
f P is additively closed, i.e. for all t3P, s3P we have that t#s3P.
Remark 2.2. We will hereafter assume, without loss of generality, that a"1, hence N-P.
De5nition 2.3. Let X be a metric space and let P-R be a parameter space. A semigroup of
continuous operators on X, parameterized by P, is a family of maps MS
t
N
t|P
, satisfying:
f S
t
:XPX is continuous, for every t3P;
f S
0
is the Identity on X;
f S
t‘s
"S
t
"S
s
, for every t3P, s3P.
When in addition P is an additive subgroup of R, we call MS
t
N
t|P
a group of continuous operators.
De5nition 2.4. Let MS
t
N
t|P
be a semigroup of continuous operators on a metric space X.
f We call MS
t
N
t|P
a discrete semigroup (resp. a discrete group) provided that PWR
w0
"N (resp.
P"Z).
f We call MS
t
N
t|P
a time-continuous semigroup (resp. a time-continuous group) provided that
P.R
w0
(resp. P"R) and, for every x3X, the function tPS
t
(x) is continuous on P.
f We call MS
t
N
t|P
a jointly continuous semigroup (resp. a jointly continuous group) provided that
P.R
w0
(resp. P"R) and the function (t,x)PS
t
(x) is continuous on P]X.
Sometimes we will use the expression ‘arbitrary semigroupa to emphasize that we are dealing
with a semigroup in the sense of De"nition 2.3, i.e. without any further assumption on P.
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De5nition 2.5. Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on a metric space X,
and let A-X.
f The u-limit of A is de"ned as
u (A) :"Y
sw0
Z
t|P
tws
S
t
(A);
f A is positively invariant if and only if S
t
(A)-A, for every t*0, t3P;
f A is invariant if and only if S
t
(A)"A, for all t3P.
For a detailed discussion of the properties of the u-limit operator, the reader is referred to the
wide literature on this subject [1,4,6,13].
De5nition 2.6. Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on a metric space X,
and let A-X, B-X. We say that A attracts B if and only if, for every e’0, there exists tH*0
such that:
S
t
(B)-Ae, "t*tH, t3P.
De5nition 2.7. Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on a metric space X.
A subset A-X is a global attractor if and only if:
f A is compact;
f A is invariant;
f A attracts any bounded subset of X.
The global attractor, when it exists, is necessarily unique: it turns out to be the maximal compact
invariant set, and the minimal closed set which attracts any bounded subset of X. The reader
interested in existence results for the global attractor under suitable assumptions on X and MS
t
N is
referred to [4,6,13].
In Section 5 we will often need the following lemma.
Lemma 2.8 ([4, Lemma 3.1.1]). Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on
a metric space X, and let B-X. Let us assume that u(B) is compact and attracts B.
Then u(B) is invariant.
3. The Alexander cohomology theory
In this section we recall some basic properties of the C[ ech}Alexander}Spanier cohomology.
There are at least two approaches to this theory: one is based on the Alexander construction [11,
Chapter 6, Section 4], the other is based on the C[ ech construction [11, Chapter 6, Section 7]. In the
case of paracompact Hausdor! spaces, e.g. metric spaces, these constructions give the same result
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[11, Corollary 6.8.8]. Following [8] we denote this theory by C[ ech}Alexander}Spanier cohomol-
ogy. A good reference for this section is [11].
For any topological space X, any integer q*0, and any abelian group G, there is de"ned the
q-dimensional C[ ech}Alexander}Spanier cohomology group with coe$cients in G, which we
denote by H[ q (X,G). We denote by H[ H (X,G) the graded group MH[ q (X,G)N
q|N
.
A continuous map f : XP> induces a homomorphism f H : H[ q (>,G)PH[ q(X,G) for each q and
each G. This correspondence is functorial, i.e. if g :>PZ is another continuous map, then
(g"f )H"f H"gH, and if id : XPX is the identity on X, then idH is the identity on H[ q(X,G). If
moreover G is a "eld, then H[ q (X,G) is a G-vector space and f H is a G-linear application.
In order to avoid exceptional cases in many statements, it is useful to set H[ q (X,G)"0 for q(0,
and de"ne f H in the only way possible for q(0.
C[ ech}Alexander}Spanier cohomology theory satis"es the four axioms in the de"nition of
a cohomology theory with coe$cients in G ([11, p. 240]); in this paper we need only the following
two axioms.
f Dimension axiom. If P is a one-point space and G is any abelian group, then:
H[ q (P,G)+G
G if q"0,
0 if q*1.
f Homotopy axiom. Let f
0
, f
1
:XP> be two homotopic maps, i.e. there exists a continuous map
U : [0, 1]]XP> such that U (0,x)"f
0
(x) and U (1,x)"f
1
(x), for each x3X. Then
f H
0
"f H
1
: H[ H(>,G)PH[ H(X,G).
In order to describe more subtle properties of the C[ ech}Alexander}Spanier cohomology theory,
we will make an extensive use of the notion of direct limit (see the appendix in [7]).
Let A be a subset of a topological space X. The family of all neighborhoods of A in X is directed
downward by inclusion. Hence MH[ q(;,G)N, where ; ranges over all neighborhoods of A in X, is
a direct system of groups (the homomorphisms are those induced by inclusions, of course). The
restriction maps H[ q(;,G)PH[ q(A,G) de"ne a homomorphism
dir limH[ q(;,G)PH[ q(A,G).
The subset A is said to be tautly imbedded in X (or simply taut in X ), with respect to
C[ ech}Alexander}Spanier cohomology, if this homomorphism is an isomorphism for all q*0 and
all coe$cient groups G. We recall that a group homomorphism is called monomorphism, epimor-
phism, or isomorphism, respectively, if it is injective, surjective or bijective.
The de"nition of tautness can be formulated for any cohomology theory. One of the major
di!erences between singular and C[ ech}Alexander}Spanier cohomology is this matter of tautness.
In general, tautness is more likely to hold with respect to the C[ ech}Alexander}Spanier theory then
with respect to the singular theory, and this is the reason why our results about C[ ech}Alexander}
Spanier groups of attractors are in general not true for the corresponding singular cohomology
groups.
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In this paper we need the following result, which is a trivial consequence of [12, Theorem 1].
Theorem 3.1. Let A be an arbitrary subset of a metric space X.
Then A is taut in X with respect to the C[ ech}Alexander}Spanier cohomology theory, i.e.
H[ q(A,G)+dir limH[ q(;,G),
where U ranges over all neighborhoods of A in X.
There are examples of compact subsets of R2 that are not tautly imbedded with respect to the
singular cohomology ([11, Examples 6.1.8 and 6.6.4] and our Example 9.2).
For a precise comparison of singular and C[ ech}Alexander}Spanier cohomology, the reader is
referred to [11, chapter 4, Section 9]; however, if X is any locally contractible space, in particular
any open subset of a Banach space or any manifold, then its singular cohomology groups coincide
with its C[ ech}Alexander}Spanier cohomology groups.
The following theorem characterizes connectedness and path connectedness by means of
zero-dimensional cohomology groups.
Theorem 3.2. Let X be a nonempty topological space. Then:
(1) H[ 0(X,G) is isomorphic to the group of locally constant functions from X to G. In particular: X is
connected if and only if H[ 0(X,G)+G for all abelian groups G.
(2) The singular cohomology group H0 (X,G) is isomorphic to =
i|I
G, where I is the set of path
components of X. In particular : X is path connected if and only if H0 (X,G)+G for all abelian
groups G.
In the case X"Rn, we recall the following duality result.
Theorem 3.3 (Alexander Duality). If A is a compact subset of Rn, then, for all q and all coezcient
groups G, we have that:
HI
q
(RnCA,G)+H[ n~q~1(A,G),
where HI
q
denotes the q-dimensional reduced homology group.
For more informations about reduced homology, see [8,11]; we need Alexander duality only in
Section 8.
4. Inverse limits and cohomology
The main result of this section is the topological Lemma 4.5. In the proof of this lemma we need
the notion of inverse limit and of its "rst derived functor, denoted by ‘lim1a. For the convenience of
the reader, we recall here the basic properties of inverse limits and of lim1 (for more details see the
appendix in [7]).
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For each inverse sequence of groups
M
1
(1Q M
2
(2Q M
3
Q2
there is de"ned the group lim1M
n
. This is a derived functor in the sense of homological algebra, i.e.
the following result holds true.
Theorem 4.1 ([7, Theorem A.14]). The short exact sequence of inverse sequences of groups
0PMM@
n
NPMM
n
NPMMA
n
NP0
gives rise to the long exact sequence
0P(inv limM@
n
)P(inv limM
n
)P(inv limMA
n
)Plim1 M@
n
Plim1 M
n
Plim1 MA
n
P0.
In many applications it is useful to know that lim1M
n
"0. The following lemma gives a simple
su$cient condition.
Lemma 4.2 ([7, Lemma A.15]). Let MM
n
N be an inverse sequence of groups. Let us assume that each
homomorphism M
n‘1
PM
n
is surjective.
Then lim1M
n
"0.
The following theorem measures the extent to which the passage to the inverse limit fails to
commute with the taking of cohomology. Since the theory of cochain complexes is isomorphic to
that of chain complexes, this result is an immediate consequence of [7, Theorem A.19] for
homology groups.
Theorem 4.3. Let us consider the inverse sequence
K(1)QK(2)QK(3)Q2,
where each K(n)"MK
i
(n),d
n
N is a cochain complex.
Let K(R)"inv limK(n). Let us assume that lim1K
i
(n)"0 for each integer i.
Then for each q there exists a short exact sequence of cohomology groups
0Plim1Hq~1(K(n))PHq(K(R)) aP inv limHq(K(n))P0,
where a is the homomorphism induced by the compatible family of cochain morphisms MK(R)PK(n)N.
In the proof of the following lemma, we use some notations of [7], which we recall for the
convenience of the reader. For any topological space X, any integer q*0, and any abelian group
G, we consider the following abelian groups:
Uq(X,G)"Mu : Xq‘1PGN,
Uq
0
(X,G)"Mu3Uq (X,G) : DuD"0N,
C[ q (X,G)"Uq (X,G)/Uq
0
(X,G),
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where DuD-X is de"ned by : x N DuD if and only if there exists a neighborhood ; of x such that
(x
0
,x
1
,2,xq)3;q‘1Nu(x0, x1,2,xq)"0.
Hereafter we denote by C[ H(X,G) the cochain complex MC[ q (X,G), dN, where
d : C[ q (X, G)PC[ q‘1(X,G) is the coboundary operator de"ned in [7,11]. With these notations
H[ q(X,G)"Hq(C[ H(X,G)).
Lemma 4.4. Let X be a topological space, and let MC
n
N
n|N
be a family of closed subsets of X such that:
(i) C
n
-C
n‘1
for each n3N;
(ii) 6
n|N
Cs
n
"X, where Cs
n
denotes the interior part of C
n
in X.
Then, for every q*0 and every coezcient group G, there is an exact sequence
0Plim1H[ q~1 (C
n
, G)PH[ q(X, G) a*P inv lim H[ q(C
n
,G)P0,
where aH is the homomorphism induced by the compatible family of inclusions C
n
-X.
Proof. By (ii) we have that
Uq (X,G)"inv limUq (C
n
,G). (4.1)
Furthermore, the restriction homomorphism Uq (C
n‘1
, G)PUq (C
n
, G) is surjective for each n,
hence by Lemma 4.2
lim1Uq (C
n
, G)"0. (4.2)
By (ii) we have that
Uq
0
(X,G)"inv limUq
0
(C
n
,G). (4.3)
Furthermore, since each C
n
is a closed set, the restriction homomorphism Uq
0
(C
n‘1
, G)PUq
0
(C
n
, G)
is surjective for each n, hence by Lemma 4.2
lim1Uq
0
(C
n
, G)"0. (4.4)
Applying Theorem 4.1 to the short exact sequence of inverse sequences
0PMUq
0
(C
n
,G)NPMUq (C
n
, G)NPMC[ q (C
n
, G)NP0,
and making use of (4.1)}(4.4), we have that
C[ q (X,G)"inv limC[ q (C
n
,G), (4.5)
and
lim1C[ q (C
n
, G)"0. (4.6)
286 M. Gobbino / Topology 40 (2001) 279}298
Since (4.6) holds true for every integer q, we can apply Theorem 4.3 to the inverse sequence of
cochain complexes MC[ H(C
n
, G)N. By (4.5) we obtain a short exact sequence
0Plim1Hq~1(C[ H (C
n
, G))PHq(C[ H(X,G)) aHP inv lim Hq(C[ H(C
n
, G))P0,
which coincides with the required short exact sequence by de"nition of C[ ech}Alexander}Spanier
cohomology groups. h
The following lemma will be crucial in the proof of Theorem 6.3.
Lemma 4.5. Let X be a metric space, let K-X be a compact set, and let G be an abelian group. Let us
assume that there exists a family MC
n
N
n|N
of closed subsets of X such that :
(i) C
n
-C
n‘1
for every n3N;
(ii) 6
n|N
Cs
n
"X, where Cs
n
denotes the interior part of C
n
in X;
(iii) K-C
n
and the restriction homomorphism iH
n
: H[ H(C
n
,G)PH[ H(K, G) is an isomorphism for every
n3N.
Then the restriction homomorphism iH
K
:H[ H(X,G)PH[ H(K,G) is an isomorphism.
Proof. Step 1: By (i) the family MH[ H(C
n
,G)N
n|N
with the restriction homomorphisms jH
n
:H[ H(C
n‘1
,G)P
H[ H(C
n
, G) is an inverse sequence of groups. We claim that jH
n
is an isomorphism for all n.
Indeed let us consider the following commutative diagram:
Since by (iii) the maps iH
n‘1
and iH
n
are isomorphisms, it follows that jH
n
is an isomorphism.
Therefore the homomorphisms
aH
n
: inv lim H[ H(C
n
, G)PH[ H (C
n
, G),
given by the de"nition of inverse limit, are isomorphisms.
Step 2: We show that the homomorphism
aH : H[ H(X,G)Pinv lim H[ H(C
n
,G),
induced by the compatible family of inclusions C
n
-X, is an isomorphism.
Indeed, by Lemma 4.4 we have, for any q*0, an exact sequence
0Plim1H[ q~1(C
n
,G)PH[ q(X, G) a*P inv limH[ q(C
n
, G)P0.
By Step 1, jH
n
: H[ q~1(C
n‘1
, G)PH[ q~1(C
n
, G) is an isomorphisms for all n. By Lemma 4.2 it follows
that lim1H[ q~1(C
n
, G)"0, hence aH is an isomorphism.
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Step 3: It is easy to verify that, for every n3N, the restriction homomorphism iH
K
may be
factorized as follows:
H[ H(X,G) a
HP inv limH[ H(C
n
, G) a
H
nP H[ H(C
n
,G) i
H
nP H[ H(K,G).
Since aH, aH
n
, and iH
n
are isomorphisms, it follows that iH
K
is an isomorphism. h
5. Technical results
In this section we establish some relations between the cohomology of a set B-X and the
cohomology of the u-limit set u(B).
Proposition 5.1. Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on a metric space X and
let B-X. Let G be any coezcient group and q*0 any integer.
Let us assume that:
(i) u(B) is compact and attracts B;
(ii) u(B)-B;
(iii) (S
t
Du(B))H is the identity for any t3P, where (StDu(B))H is the homomorphisms induced on H[ q(u(B),G)
by the restriction of S
t
to the invariant set u(B).
Let iH
B
: H[ q(B,G)PH[ q(u(B),G) be the homomorphism induced by the inclusion i
B
: u(B)PB.
Then iH
B
is surjective.
Proof. Let us "x G and q, and let us set M :"u(B).
Step 1: By Theorem 3.1, M is taut in X. Furthermore, since M is compact, its e-neighborhoods
Me are co"nal in the class of all neighborhoods of M; hence, by well known properties of direct
limits, we have that:
H[ q(M,G)"dir limH[ q(Me, G)"Z
e;0
Imm(iH
Me
), (5.1)
where iH
Me
: H[ q(Me, G)PH[ q(M,G) is induced by the inclusion M-Me, and ‘Imma denotes the
image (of a homomorphism).
Step 2: Let us "x e’0. By (i) and Lemma 2.8, M is an invariant set which attracts B, so by (ii)
there exists t3P such that M-S
t
(B)-Me. Let us consider the following commutative diagram:
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where i
B
, i
Me
, i
St(B)
, j are inclusions, and S
t
D
M
, S
t
D
B
are the restrictions of S
t
to M and B, respectively.
Considering cohomology groups, we obtain the following commutative diagram:
From this diagram it follows that
S
t
DH
M
" iH
Me
"iH
B
"S
t
DH
B
" jH, (5.2)
for all e’0 and all t3P such that M-S
t
(B)-Me.
Step 3: Since S
t
DH
M
is the identity, from (5.2) it follows that, for all e’0:
Imm(iH
Me
)-Imm(iH
B
). (5.3)
Owing (5.1) and (5.3) we have that
H[ q(M,G)"Z
e;0
Imm(iH
Me
)-Imm(iH
B
)-H[ q(M,G),
and therefore Imm(iH
B
)"H[ q(M,G), i.e. iH
B
is surjective. h
We will prove in Section 6 that hypothesis (iii) of Proposition 5.1 is automatically satis"ed if the
semigroup is jointly continuous.
Remark 5.2. If instead of assumption (iii) we only assume that (S
t
Du(B))
H is an isomorphism, then
iH
B
may fail to be surjective, even if H[ q(B,G) is "nitely generated (cf. Example 9.5).
However, using (5.1), (5.2), and the properties of direct limits, it is possible to prove the
surjectivity of iH
B
when (iii) is replaced by any one of the following assumptions:
(iii-1) (S
t
Du(B))H is surjective for any t3P, and H[ q(u(B),G) is "nitely generated;
(iii-2) (S
t
Du(B))H is injective for any t3P, and H[ q(B,G)"0;
(iii-3) (S
t
Du(B))
H is an isomorphism for any t3P, G is a "eld, and H[ q (B,G) is a "nite dimensional
G-vector space.
Proposition 5.3. Let MS
t
N
t|P
be an arbitrary semigroup of continuous operators on a metric space X,
and let B-X. Let G be any coezcient group and q*0 any integer.
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Let us assume that:
(i) u(B) is compact and attracts B;
(ii) u(B)- Bs , where Bs denotes the interior part of B in X;
(iii) B is positively invariant;
(iv) S
t
DH
B
is injective for any t3P, where S
t
DH
B
denotes the homomorphism induced on H[ q(B,G) by the
restriction of S
t
to the positively invariant set B.
Let iH
B
: H[ q (B,G)PH[ q (u (B),G) be the homomorphism induced by inclusion i
B
: u(B)PB.
Then iH
B
is injective.
Proof. Let us "x G and q, and let us set M :"u(B).
Step 1: By (iii) we have that S
t
(B)-B, for each t3PWR
w0
. Let us denote by i
t
the inclusion
map.
We show that iH
t
:H[ q(B,G)PH[ q (S
t
(B),G) is injective. Indeed let us consider the following
commutative diagram
where S
t
D
B
and SM
t
D
B
denote the restrictions of S
t
to B with target spaces B and S
t
(B), respectively.
For cohomology groups we have the following commutative diagram:
By (iv) the map S
t
DH
B
is injective, hence iH
t
is injective.
Step 2: Let us assume that Me-B for some e’0, and let us denote by je the inclusion map. We
show that jHe : H[ q(B,G)PH[ q(Me,G) is injective.
By (i) there exists t3PWR
w0
such that S
t
(B)-Me. Let us consider the following commutative
diagram of inclusions:
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Considering cohomology groups the following diagram is commutative:
Since in Step 1 we have proved that iH
t
is injective, it follows immediately that jHe is injective.
Step 3: By (ii), B is a neighborhood of M. Let us assume by contradiction that iH
B
is not injec-
tive. Since M is taut in X, and the Me’s are co"nal among the neighborhoods of M, by well
known properties of direct limits there exists e
0
’0 such that Me0-B and je0 is not a monomor-
phism.
This is inconsistent with what proved in Step 2. h
6. Jointly continuous semigroups
In this section we show that for jointly continuous semigroups the C[ ech}Alexander}Spanier
cohomology groups of the global attractor A are isomorphic to the corresponding groups of the
phase space X.
In order to prove this result, we "rst apply the results of Section 5 to show that the cohomology
groups of A are isomorphic to the corresponding cohomology groups of any bounded positively
invariant neighborhood of A (Proposition 6.2). This allows to construct a sequence of closed
subsets of X which satisfy the assumptions of Lemma 4.5 with K :"A.
The following lemma shows that hypothesis (iii) of Proposition 5.1, and hypothesis (iv) of
Proposition 5.3 are veri"ed whenever the semigroup is jointly continuous.
Lemma 6.1. Let MS
t
N
t|P
be a jointly continuous semigroup on a metric space X, and let M-X be
a positively invariant set. For any t*0 and any coezcient group G, let us denote by S
t
DH
M
the
homomorphism induced on H[ H(M,G) by the restriction of S
t
to M.
Then S
t
DH
M
is the identity for all t*0 and all G.
Proof. Let us "x t*0 and G. Since the semigroup is jointly continuous, the map
U : [0, 1]]MPM de"ned by U (q,x)"Sq > t (x) is a homotopy between S0DM and StDM. Since S0DM is
the identity on M, by the homotopy axiom it follows that
S
t
DH
M
"S
0
DH
M
"identity. h
The above Lemma allows us to apply the results of Section 5 to study cohomology groups of
attractors for jointly continuous semigroups.
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Proposition 6.2. Let MS
t
N
t|P
be a jointly continuous semigroup on a metric space X, and let B-X.
Let us assume that:
(i) there exists the global attractor A for MS
t
N;
(ii) B is positively invariant;
(iii) A- Bs , where Bs denotes the interior part of B in X;
(iv) A attracts B.
For any coezcient group G, let us denote by iH
B
: H[ H(B,G)PH[ H (A,G) the homomorphism induced by
inclusion (iii).
Then iH
B
is an isomorphism.
Proof. By (iii) and (iv) we have that A"u(B).
From Lemma 6.1 with M :"u(B) and Proposition 5.1 it follows that iH
B
is surjective. From
Lemma 6.1 with M :"B and Proposition 5.3 it follows that iH
B
is injective. h
We can now prove the main result of this section.
Theorem 6.3. Let MS
t
N
t|P
be a jointly continuous semigroup on a metric space X. Let us assume that
there exists the global attractor A for MS
t
N.
Then the restriction homomorphism iH
A
: H[ H(X, G)PH[ H (A,G) is an isomorphism for all abelian
groups G.
Proof. For every n3N, let us denote by A
n
the open neighborhood of A with radius n#1. Let
C
n
denote the topological closure of the positive orbit of A
n
, i.e.:
C
n
:"Z
tw0
S
t
(A
n
).
Thus C
n
is a closed positively invariant set, which contains A in its interior and is attracted by A. By
Proposition 6.2 the restriction homomorphisms H[ H (C
n
,G)PH[ H (A,G) are isomorphisms for all
coe$cient groups G.
Therefore the family MC
n
N
n|N
satis"es all the hypotheses of Lemma 4.5 with K :"A. From this
lemma it follows that iH
A
is an isomorphism. h
7. Semigroups without time continuity assumptions
This section is devoted to cohomology groups of global attractors for semigroups without any
time-continuity assumption. As usual, we denote by X the phase space, by A the global attractor,
and by iH
A
: H[ H (X, G)PH[ H (A,G) the restriction homomorphism.
In Example 9.3 (resp. Example 9.4) we exhibit groups MS
t
N such that iH
A
fails to be injective (resp.
surjective).
However, iH
A
turns out to be an isomorphism for groups de"ned on a large class of phase spaces.
In order to state the precise results, we "rst need a de"nition.
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De5nition 7.1. A subset> of a topological space X is a retract of X if there exists a continuous map
r : XP> such that r (y)"y for every y3>.
A subset> of a topological space X is a deformation retract of X if there exists a continuous map
U : [0, 1]]XPX such that
U (0,x)"x, "x3X,
U (1,x)3>, "x3X,
U (t, y)"y, "(t, y)3[0, 1]]>.
Remark 7.2. From the functorial properties of C[ ech}Alexander}Spanier cohomology groups, it
easily follows that:
f if > is a retract of X, then the restriction homomorphism H[ H(X,G)PH[ H(>,G) is surjective for
all coe$cient groups G;
f if> is a deformation retract of X, then the restriction homomorphism H[ H(X,G)PH[ H(>,G) is an
isomorphism for all coe$cient groups G.
We are now ready to state and prove the two main results of this section.
Theorem 7.3. Let MS
t
N
t|P
be a group of continuous operators on a metric space X. Let us assume that:
(i) there exists the global attractor A for MS
t
N;
(ii) there exists a bounded neighborhood B of A which is a retract of X.
Then the restriction homomorphism iH
A
:H[ H(X,G)PH[ H(A,G) is surjective for all coezcient groups G.
Proof. Let us "x the coe$cient group G.
Step 1: For each t3P, the restriction homomorphism
iH
t
: H[ H(X,G)PH[ H (S
t
(B), G)
is an epimorphism.
Indeed, let us consider the following commutative diagram of cohomology groups:
(7.1)
Since B is a retract of X, the map iH
0
is surjective; furthermore the horizontal arrows are
isomorphisms since S
t
is a homeomorphism. It follows that iH
t
is necessarily surjective.
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Step 2: Since A is the global attractor and B is bounded, it follows that A attracts B. Therefore,
since B is a neighborhood of A, there exists tM3P, tM’0 such that S
tM
(B)-B. Let us set, for each
n3N:
B
n
:"S
n > tM
(B).
Thus MB
n
N
n|N
turns out to be a nested sequence of neighborhoods of A, which is co"nal in the class
of all neighborhoods of A. Since A is taut in X, the inclusions A-B
n
induce an isomorphism
j : dir limH[ H(B
n
, G)PH[ H(A,G).
Step 3: The restriction maps iH
n > tM H
:H[ H(X,G)PH[ H(B
n
, G) de"ne a homomorphism
k : H[ H(X,G)Pdir limH[ H(B
n
, G).
Since each iH
n > tM H
is surjective (Step 1) and direct limits preserve epimorphisms, k is an epimorphism.
Since iH
A
"j "k, we conclude that iH
A
is surjective. h
Theorem 7.4. Let MS
t
N
t|P
be a group of continuous operators on a metric space X. Let us assume that :
(i) there exists the global attractor A for MS
t
N;
(ii) there exists a bounded neighborhood B of A which is a deformation retract of X.
Then the restriction homomorphism iH
A
:H[ H(X,G)PH[ H(A,G) is an isomorphism for all coezcient
groups G.
Proof. The argument is very similar to the proof of Theorem 7.3. In this case in diagram (7.1) we
have that iH
0
is an isomorphism, hence iH
t
is an isomorphism. In Step 3 we have that k is an
isomorphism, since direct limits preserve isomorphisms. It follows that iH
A
"j "k is an isomor-
phism. h
Assumption (ii) in Theorem 7.3 (resp. Theorem 7.4) is automatically satis"ed if every compact set
K-X has a bounded neighborhood which is a retract (resp. deformation retract) of X.
We note also that the assumption ‘S
t
is a groupa cannot be weakened to ‘S
t
is injective for all
t3Pa (sometimes called in the literature ‘backward uniquenessa), as Example 9.5 shows.
8. Examples
The following two results provide a simple example of the application of the theory developed in
Sections 6 and 7. First of all, we examine a contractible space.
Theorem 8.1. Let X be a star-like subset of a Banach space, and let MS
t
N
t|P
be a semigroup of
continuous operators on X. Let us assume that the semigroup satisxes at least one of the following
assumptions:
f MS
t
N is jointly continuous;
f MS
t
N is a group.
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Moreover, let us assume that there exists the global attractor A for MS
t
N.
Then, for any group G, we have that:
H[ q(A,G)+G
G if q"0,
0 if q*1.
Proof. Since a star-like subset of a Banach space is contractible, its cohomology groups coincide
with the cohomology groups of a one-point space.
Therefore, if MS
t
N is jointly continuous, then the result follows from Theorem 6.3.
Moreover every compact set K-X is contained in a bounded deformation retract of X (e.g. the
intersection of X with a large enough ball in the Banach space). Therefore, if MS
t
N is a group, the
result follows from Theorem 7.4. h
Remark 8.2. For jointly continuous semigroups (or groups) de"ned in a Banach space, the above
theorem provides a great limitation to the topology of the global attractor. For example, this
attractor cannot be homeomorphic to a solid torus, or to a spherical surface, or more in general to
any manifold of dim *1.
Moreover, in the case X"Rn, we can obtain informations on the topology of RnCA combining
Theorem 8.1 and Alexander duality (Theorem 3.3). For example, if n*2 it turns out that
HI
0
(RnCA,G)"0 for every G. By well known properties of restricted homology, this implies that
RnCA is path connected.
In order to give another example, we now consider as phase space the complementary set of an
open ball ; in Rn. Roughly speaking, in this case we show that the global attractor for a jointly
continuous semigroup (or any group) is a set A which ‘surroundsa ;.
Theorem 8.3. Let X be the complementary set of an open ball ; in Rn, and let MS
t
N
t|P
be a semigroup of
continuous operators on X. Let us assume that the semigroup satisxes at least one of the following
assumptions:
f MS
t
N is jointly continuous;
f MS
t
N is a group.
Moreover, let us assume that there exists the global attractor A for MS
t
N.
Then RnCA has exactly two connected components, one bounded and one unbounded. Moreover, U is
contained in the bounded connected component of RnCA.
Proof. It is easy to verify that H[ n~1(X, Z)+Z. We also claim that H[ n~1(A, Z)+Z.
Indeed if MS
t
N is jointly continuous this follows from Theorem 6.3, while if MS
t
N is a group this
follows from Theorem 7.4, since each compact subset of X has a bounded neighborhood which is
a deformation retract of X.
By Alexander duality (Theorem 3.3), we have that HI
0
(RnCA)+Z, where HI
0
denotes the
zero-dimensional reduced homology. By well known properties of reduced homology, this implies
that RnCA consists of exactly two path components. Since RnCA is an open subset of Rn, it is locally
path connected, and therefore its path components coincide with its connected components.
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Since A is bounded, one of these two connected components is necessarily bounded.
However, since the restriction homomorphism iH
A
: H[ H(X, G)PH[ H(A,G) is an isomorphism,
; must be contained in the unbounded component of RnCA. h
9. Counter examples
In this section we collect all the counterexamples quoted in this paper.
Example 9.1. Let us consider the discrete semigroup MS
n
N on R2 generated by the function
f (x, y)"(cos(10x), sin(10x)), "(x,y)3R2.
Let us set A :"M(x, y)3R2 : x2#y2"1N. Since f (R2)"A and f (A)"A, it is clear that A is the
global attractor for MS
n
N.
In this example the phase space is contractible, but the global attractor is not simply connected.
Example 9.2. We construct a jointly continuous semigroup on a contractible space X, which
admits a global attractor A with two path components.
Let us set
> :"Z
n|N
C
1
22n‘1
,
1
22nD-[0,1];
X :"[0, 1]][0, 1];
A :"(L>][0,1])X(M0N]>)X(M1N]([0,1]C>))-X,
where L> denotes the boundary of > in [0,1].
Let us consider the function f : [0,1]PR
w0
de"ned by
f (x) :"dist(x, L>), "x3[0,1],
where dist denotes the usual distance on the real line. Let us de"ne a semigroup MS
t
N
tw0
on X by
S
t
(x, y)"G
(x, e~f(x)ty) if (x, y)3>][0, 1],
(x,1!e~f(x)t(1!y)) otherwise.
It turns out that MS
t
N is a jointly continuous semigroup on X, and A is the global attractor for MS
t
N.
Since A is a connected space with two path components, namely A
1
"M0N][0,1] and A
2
"ACA
1
,
then, by Theorem 3.2, for any coe$cient group G we have that:
H[ 0(A,G)+G, H0(A,G)+G=G.
In an analogous way, it is not di$cult, but rather cumbersome, to construct a jointly continuous
group on R2 for which A is the global attractor. This example shows that singular and
C[ ech}Alexander}Spanier cohomology groups of attractors may not coincide, even for jointly
continuous (semi)groups in Banach spaces.
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Example 9.3. Let X :"M0NXM2z: z3ZN, and let us consider the discrete group MS
t
N
t|Z
on X gener-
ated by
f (x)"G
0 if x"0,
2z~1 if x"2z.
It turns out that A"M0N is the global attractor for MS
t
N. Furthermore H[ 0(A,Z)+Z, while H[ 0(X,Z)
is not "nitely generated.
In this case the restriction homomorphism iH
A
:H[ 0(X,Z)PH[ 0(A,Z) is not injective.
Example 9.4. Let X and MS
t
N
t|Z
be the space and the discrete group de"ned in Section 4 of [3]. Since
X is connected and A has an in"nite number of connected components, we have that H[ 0(X, Z)+Z,
while H[ 0(A, Z) is not "nitely generated.
Therefore, the restriction homomorphism iH
A
: H[ 0(X,Z)PH[ 0(A,Z) is not surjective.
Example 9.5. (2-adic solenoid). Let us set
D :"Mz3C : DDzDD)1N,
S1 :"Mz3C : DDzDD"1N.
and let us consider X :"D]S1. The space X is homeomorphic to a solid torus.
Let us consider the function f : XPX de"ned by
f (z,w) :"(z/4#w/2,w2),
and let MS
n
N be the discrete semigroup on X generated by f. It is easy to check that MS
n
N is
a semigroup of injective operators.
Intuitively, f takes the solid torus X, stretches it, makes it thinner, and folds it in such a way that
its image f (X) winds twice around the central hole of X (see [10] for a pictorial description of this
phenomenon). More rigorously: each f n(X) is homeomorphic to X, hence H[ 1( f n(X),Z)+Z, and the
inclusion map i
n
: f n‘1(X)Pf n(X) induces a homomorphism
iH
n
: H[ 1( f n(X),Z)PH[ 1 ( f n‘1(X),Z)
of degree 2.
The global attractor A"u(X) is equal to the intersection of the forward images f n(X). Since the
family M f n(X)N is co"nal among all neighborhoods of A, it turns out that H[ 1(A, Z) is the direct limit
of MH[ 1( f n(X),Z)N with homomorphisms MiH
n
N, which is isomorphic to the additive group of all
rational fractions whose denominator is a power of 2.
Therefore H[ 1(A,Z) is not "nitely generated, hence the restriction homomorphism
iH
A
: H[ 1(X,Z)PH[ 1(A,Z) is not surjective.
The set A is called in the literature the ‘2-adic solenoida: it is of great historical importance in
algebraic topology (for further informations see [7, p. 113}114] and the references quoted therein),
and in the theory of ‘strange attractorsa (see the discussion in Appendix 3 of [9]).
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